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FROM COMPLEX CONTACT STRUCTURES TO REAL ALMOST CONTACT
3-STRUCTURES
EDER M. CORREA
Abstract. In this work, we prove that every complex contact structure gives rise to a distinguished type
of almost contact metric 3-structure. As an application of our main result, we provide several new examples
of manifolds which admit taut contact circles, taut and round almost cosymplectic 2-spheres, and almost
hypercontact (metric) structures. These examples generalize, in a suitable sense, the well-known examples
of contact circles defined by the Liouville-Cartan forms on the unit cotangent bundle of Riemann surfaces.
Furthermore, we provide sufficient conditions for a compact complex contact manifold to be the twistor
space of a positive quaternionic Ka¨hler manifold. In the particular setting of Fano contact manifolds, from
our main result, we also obtain new evidences supporting the LeBrun-Salamon conjecture.
1. Introduction
In 1959, Kobayashi [30] introduced the notion of complex contact manifolds. Among other results, he
showed that every complex contact manifold (Z,J , θ) is base space of a U(1)-principal bundle Q endowed
with a (distinguished) real contact structure. Unlike standard examples of real contact structures on princi-
pal circle bundles, such as the well-known Boothby-Wang fibrartions [8], Kobayashi’s real contact structure
does not come from a U(1)-principal connection. In fact, it is naturally obtained from the complex contact
structure defined on the base space. On the other hand, since the U(1)-principal bundle Q in Kobayashi’s
construction is given by the unitary frame bundle of a holomorphic line bundle L ∈ Pic(Z), its Euler class
is of (1, 1)-type, hence, from Hatakeyama’s result [19], it follows that Q also can be endowed with a real
normal almost contact structure [39], [40]. Based on these constructions, a natural question which arises is:
Question 1.1. What is the relationship between Kobayashi’s real contact structure and Hatakeyama’s real
almost contact structure?
Motivated by the above question, and by the ideas introduced in [23], we investigate the compatibility of
such structures, and give an answer for Question 1.1. Our main result shows that Kobayashi’s real contact
structure and Hatakeyama’s real almost contact structure are compatible in the sense of almost 3-contact
geometry [32]. More precisely, we prove the following theorem:
Theorem 1. Let (Z,J , θ) be a complex contact manifold of complex dimension 2n + 1 ≥ 3. Then there
exists a U(1)-principal bundle Q over Z which admits an almost 3-contact metric structure (gQ,Φα, ξα, ηα),
α = 1, 2, 3, satisfying the following properties:
(1) (Φ1, ξ1, η1) is a normal almost contact structure, such that Z = Q/Fξ1 , and Lξ1gQ = 0;
(2) η2 and η3 are contact structures, such that η2 ∧ (dη2)2n+1 = η3 ∧ (dη3)2n+1 6= 0;
(3) (gQ,Φα, ξα, ηα) is a contact metric structure, for α = 2, 3.
Moreover, both Q and (gQ,Φα, ξα, ηα), α = 1, 2, 3, can be constructed in a natural way from Z and θ.
The result above shows that every complex contact structure gives rise to a distinguished type of almost
3-contact metric structure. It is worth pointing out that the almost contact metric 3-structure given in the
above theorem can be obtained in a constructive way from (Z,J , θ). Let us briefly outline the mains steeps
in the proof of Theorem 1. Firstly, we observe that the structure tensors (Φ1, ξ1, η1) in Theorem 1 are given
by Hatakeyama’s almost contact structure, so we have Z = Q/Fξ1 , i.e., ξ1 ∈ X(Q) generates the U(1)-action
on Q, and the normality condition in item (1) is a consequence of [19, Theorem 2]. The contact form η2
is given by Kobayashi’s real contact structure, it is obtained from the real part of the holomorphic 1-form
π∗θ, where1 π : L× → Z denotes the bundle projection, see [30] for more details. From the complex almost2
contact structure induced by θ on Z, we show that one can construct suitable tensor fields Φ2 ∈ End(TQ),
and ξ2 ∈ X(Q), satisfying
Φ2 ◦ Φ2 = −Id + η2 ⊗ ξ2, η2(ξ2) = 1, (1.1)
Eder M. Correa was supported by PRPq-UFMG grant 27764*32.
1Here L ∈ Pic(Z) satisfies L⊗(n+1) = KZ , and L× = L\{zero section}.
2Every complex contact manifold admits a complex almost contact structure, see for instance [22].
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i.e., in such a way that (Φ2, ξ2, η2) defines another almost contact structure on Q. Then, we show that
(Φα, ξα, ηα), α = 1, 2, satisfy the following relations:
Φ1(ξ2) = −Φ2(ξ1), η1 ◦ Φ2 = −η2 ◦ Φ1, η1(ξ2) = η2(ξ1) = 0, (1.2)
Φ1 ◦ Φ2 − η2 ⊗ ξ1 = −Φ2 ◦ Φ1 + η1 ⊗ ξ2. (1.3)
From the relations above, by applying [32, Theorem 1], we obtain an almost contact 3-structure (Φα, ξα, ηα),
α = 1, 2, 3, on Q. In order to verify item (2), we show that η3 coincides with the imaginary part of
the holomorphic 1-form π∗θ, and, from a similar computation as in [30], we show that η3 ∧ (dη3)2n+1 =
η2 ∧ (dη2)2n+1 6= 0. The Riemannian metric gQ in Theorem 1, is defined by
gQ := π
∗
Q(gZ) + η1 ⊗ η1, (1.4)
where gZ is a suitable Hermitian metric on Z which is associated
3 to the complex almost contact structure
induced by θ. From the above definition, we have that gQ is compatible, in the sense of almost contact
metric geometry, with (Φ1, ξ1, η1), and Lξ1gQ = 0, cf. [19, Theorem 1]. Using the fact that the Hermitian
metric gZ is associated to the underlying complex almost contact structure on the base space Z, we conclude
the proof of the result stated in Theorem 1 by showing that gQ is compatible with (Φα, ξα, ηα), α = 2, 3, in
the sense of contact metric geometry.
Remark 1.2. In view of the ideas (briefly) described above, let us point out two important facts which show
why the almost contact metric 3-structure provided by Theorem 1 is not unique:
• Although the contact structures ηα, α = 2, 3, are uniquely determined by θ, the (1, 1)-tensor fields
Φα, α = 2, 3, depend on the choice of a U(1)-principal connection
√−1η1 (horizontal lift) on Q,
and this choice is not unique. Thus, the almost contact 3-structure (Φα, ξα, ηα), α = 1, 2, 3, is not
uniquely determined;
• Besides the choice of a principal connection on Q, the Riemannian metric gQ also depends on the
choice of an associated Hermitian metric gZ on the base space, and this choice also is not unique in
general [22], [17].
Remark 1.3. It is worth pointing out that, according to the ideas introduced in [23], the converse of Theorem
1 also seems to be true, i.e., an almost contact metric 3-structure which satisfies the properties (1)-(3) of
Theorem 1 gives rise to a complex contact structure.
As we shall see bellow, the result provide by Theorem 1 has some interesting consequences. The first one
is the following result:
Corollary 1. Under the hypotheses of Theorem 1, for every s = (a, b, c) ∈ S2, we have an almost contact
metric structure (gQ,Φs, ξs, ηs) on Q, such that
Φs = aΦ1 + bΦ2 + cΦ3, ξs = aξ1 + bξ2 + cξ3, ηs = aη1 + bη2 + cη3. (1.5)
Moreover, by considering νs := gQ(Φs ⊗ Id), we have ηs ∧ (νs)2n+1 = ηs′ ∧ (νs′)2n+1 6= 0, for all s, s′ ∈ S2.
Contact circles and contact p-spheres are families of contact forms parameterized, respectively, by the
circle and the p-sphere, theses concepts were introduced by H. Geiges and J. Gonzalo in [18], see also [50].
As it can be observed from Theorem 1, and Corollary 1, Kobayashi’s contact structure can be realized as
an element of the (taut4) contact circle{
ηs ∈ Ω1(Q)
∣∣ s ∈ S2 ∩ {a = 0} }. (1.6)
In the literature, the structure described in Corollary 1 is also known as almost hypercontact (metric)
structure [9]. Further, following [14, Corollary 4.4], we notice that the family {(ηs, νs)}s∈S2 defines an
almost cosymplectic 2-sphere on Q which is round5 and taut.
Remark 1.4 (Unit cotangent bundles). In the above setting, one obtains a huge class of new examples of
taut contact circles and almost cosympletic 2-spheres by means of the following well-know construction: Let
M be any complex manifold, such that dim
C
(M) = n+1. Consider the tautological holomorphic 1-form Λ
defined on its cotangent bundle T ∗M , i.e.,
Λ(X) := γ(p∗(X)), X ∈ Tγ(T ∗M), (1.7)
where p : T ∗M → M is the natural projection. From this, we have a complex contact structure θ on the
projective cotangent bundle Z = P(T ∗M), such that π∗θ = Λ|(T∗M)× , where π : (T ∗M)× → P(T ∗M) is the
3The existence of such an associated Hermitian metric on (Z,J , θ) was shown by Ishihara and Konishi in [22], see also
[17].
4That is, the volume forms ηs ∧ (dηs)2n+1 are equal for every s ∈ S2 ∩ {a = 0}.
5It means that ηα(ξβ) + ηβ(ξα) = 0, ∀α, β ∈ {1, 2, 3}, α 6= β, and ιξανβ + ιξβ να = 0, ∀α, β ∈ {1, 2, 3}.
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projection map6. In this particular case, fixed any Hermitian metric on T ∗M , we obtain from Theorem 1 that
there exists an almost contact metric 3-structure (gQ,Φα, ξα, ηα), α = 1, 2, 3, on the unit cotangent bundle
Q = S1(T ∗M), which is completely determined by (P(T ∗M), θ). By applying Corollary 1, we get several
examples of taut contact circles, taut and round almost cosymplectic 2-spheres, and almost hypercontact
(metric) structures. It is worth observing that this last construction generalizes, in a suitable sense, the
well-know example of contact circles defined by the Liouville-Cartan forms on the unit cotangent bundle
S1(T ∗Σ) of Riemann surface Σ, cf. [18], [1, Section 2.1].
Remark 1.5. We also observe that, if Z is a projective contact manifold, such that b2(Z) ≥ 2, then Z =
P(T ∗M), for some projective manifold M , see for instance [15, Corollary 4]. Thus, in view of Remark 1.4,
from Theorem 1 we have that the relationship between projective contact manifolds and almost 3-contact
metric manifolds goes beyond the well-known interplay between twistor spaces of positive quaternionic
Ka¨hler manifolds and 3-Sasakian manifolds, see for instance [24], [31], [23], [10], [45], [25].
By using the almost contact metric 3-structure obtained from Theorem 1, one also obtains sufficient
conditions for a complex contact manifold to be Ka¨hler-Einstein. Actually, we have the following result:
Corollary 2. In the setting of Theorem 1, (Z,J , θ) admits a Ka¨hler-Einstein metric with positive scalar
curvature if at least one of the following (equivalent) two conditions holds:
(1) Φ1 = ∇ξ1, where ∇ is the Levi-Civita connection of gQ;
(2)
[
Φα,Φα
]
+ 2dηα ⊗ ξα = 0, for α = 2 or α = 3.
In particular, if Z is compact, and (1) or (2) holds, then (Z,J , θ) is the twistor spaces of a compact positive
quaternionic Ka¨hler manifold.
The key point to obtain the result above is observing that, if at least one of the conditions in the above
corollary holds, then the almost contact metric 3-structure (gQ,Φα, ξα, ηα), α = 1, 2, 3, obtained from
Theorem 1, is in fact 3-Sasakian. In the particular setting of Fano contact manifolds, the problem related
to the existence of Ka¨hler-Einstein metrics is an open question which has important implications in the
classification of Fano contact manifolds [34], [2], [36]. For this particular class of complex contact manifolds,
we have that Theorem 1 takes the following form:
Corollary 3. Let (Z,J , θ) be a Fano contact manifold of complex dimension 2n + 1 ≥ 3. Then there
exists a U(1)-principal bundle Q over Z which admits an almost contact metric 3-structure (gQ,Φα, ξα, ηα),
α = 1, 2, 3, satisfying the following properties:
(1) (Φ1, ξ1, η1) is a normal almost contact structure, such that Z = Q/Fξ1 , and Lξ1gQ = 0;
(2) (η1, η2, η3) is a triple of contact structures, such that η2 ∧ (dη2)2n+1 = η3 ∧ (dη3)2n+1 6= 0;
(3) (gQ,Φα, ξα, ηα) is a contact metric structure, for α = 2, 3.
Moreover, both Q and (Φα, ξα, ηα), α = 1, 2, 3, can be constructed in a natural way from Z and θ.
In the above setting, we have that (Q, η1) is the Boothby-Wang fibration defined by the Euler class
e(Q) ∈ H2(Z,Z). We also observe that, under the assumption that (Z,J , θ) is Fano contact with b2(Z) > 1,
it follows that Z = P(T ∗CPn+1), see for instance [35], i.e., Z is the twistor space of a homogeneous
quaternionic Ka¨hler manifold with positive scalar curvature (Wolf space [48]). Hence, Z is also homogeneous
[7]. For the case that b2(Z) = 1, we have the following conjecture:
Conjecture (LeBrun-Salamon, [35], [34] ). Let Z be a Fano contact manifold with b1(Z) = 1, then Z must
be homogeneous.
The conjecture above has been verified for low dimensional cases n ≤ 4, see for instance [12] and references
therein. However, it is still an open problem in its full generality. It is worth to observe that, under the
assumption that (Z,J , θ) is homogeneous, the manifold Q in Corollary 3 can be endowed with a 3-Sasakian
structure. In fact, in this case Q is the Konishi bundle [31] associated to a Wolf space [7], [48]. Therefore,
in view of the above conjecture, it is expected that the U(1)-principal bundle Q in Corollary 3 is in fact
a 3-Sasakian manifold, for every Fano contact manifold (Z,J , θ). In this way, the result provided by our
last result can be realized as an evidence7 in favor of the LeBrun-Salamon conjecture.
Based on the interplay between 3-Sasakian manifolds and hyperka¨hler manifolds [9], the result of our
main theorem can be translated to the language of almost hyperhermitian geometry in the following way:
Corollary 4. Let (Z,J , θ) be a complex contact manifold of complex dimension 2n+ 1 ≥ 3. Then there
exists a C×-principal bundle U (Z) over Z such that U (Z) admits an almost hyperhermitian structure
(gU , I1, I2, I3), satisfying:
6Notice that, in this particular case, we have L× = OP(T∗M)(−1)× ∼= (T ∗M)×, see for instance [29], [30].
7The most stronger evidence thus far of the validity of Conjecture 1 is the result provided in [2].
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(1) (gU , I1) is a Hermitian structure, i.e., [I1, I1] = 0;
(2) ωα = gU (Iα ⊗ Id), α = 2, 3, are symplectic structures;
(3) Υ := ω2 +
√−1ω3 is a holomprphic symplectic structure on (U (Z), I1).
Furthermore, both U (Z) and (gU , I1, I2, I3) can be constructed in a natural way from (Z,J , θ).
In the result above, we have U (Z) = Tot(L×) ∼= Q × R, and the almost hyperhermitian structure
(gU , I1, I2, I3) is obtained naturally from the almost contact metric 3-structure provided by Theorem 1.
Further, by construction, we have Υ = d(π∗θ), where π : U (Z) → Z denotes the bundle projection8.
We notice that the previous corollaries also have an interpretation in terms of the almost hyperhermitian
structure given in Corollary 4. In fact, from the result above, for every s = (a, b, c) ∈ S2, we have an almost
Hermitian structure (gU , Is) on U (Z), such that
Is(X) := Φs(X)− ηs(X) d
dt
, Is
( d
dt
)
:= ξs, (1.8)
such that X ∈ X(Q), where (Φs, ξs, ηs) is defined as in Corollary 1. The sufficient conditions (1), and (2),
given in Corollary 2, for Z to be Ka¨hler-Einstein, can be rephrased in terms of (gU , I1, I2, I3) as follows:
(1) dω1 = 0, where ω1 = gU (I1 ⊗ Id);
(2) [Iα, Iα] = 0, for α = 2 or α = 3.
If at least one of the above (equivalent) conditions is satisfied, then we have that (gU , I1, I2, I3) defines a
hyperka¨hler structure on U (Z), which in turn implies that (Z,J , θ) admits a Ka¨hler-Einstein metric [11].
In the particular case that (Z,J , θ) is homogeneous, we have that the manifold U (Z) in Corollary 4 can
be endowed with a hyperka¨hler structure. Actually, in this last case U (Z) is the Swann bundle [44] over a
Wolf space. As we can see, in view of Conjecture1, it is expected that the C×-principal bundle U (Z) is in
fact a hyerka¨hler manifold. Hence, under the hypotheses of Corollary 3, our last result also can be realized
as an evidence supporting the LeBrun-Salamon conjecture.
Remark 1.6 (Cotangent bundles). Given a complex manifold M , in some particular cases, it can be shown
that T ∗M admits a hyperka¨hler metric which is compatible with the canonical holomorphic symplectic form
dΛ defined on T ∗M (Eq. 1.7), see for instance [13], [38], [5], [4], [33], and references therein. Also, in the
case that M is a real-analytic Ka¨hler manifold, it was shown independently by D. Kaledin [26], and by B.
Feix [16], that there exists a hyperka¨hler metric in a neighbourhood of the zero section of T ∗M which is
compatible with dΛ. In a broad sense, if Z = P(T ∗M), for some complex manifoldM , by applying Corollary
4, we obtain an almost hyperhermitian structure (gU , I1, I2, I3) on the manifold U (Z) = (T ∗M)×, see
Remark 1.4. Moreover, in this case, the canonical complex structure on (T ∗M)× coincides with I1, and the
holomorphic symplectic form Υ, given in item (3) of Corollary 4, turns out to be the restriction to (T ∗M)×
of the canonical holomorphic symplectic form dΛ of T ∗M . Therefore, for any complex manifoldM , our last
result shows that, at least outside of the zero section of T ∗M , one can always find an almost hyperhermitian
structure (gU , I1, I2, I3) compatible with the restriction of the canonical holomorphic symplectic structure
of T ∗M .
Organization of the paper. This paper is organized as follows: In Section 2, we provide a brief review
about some generalities on complex contact manifolds, focusing on Kobayashi’s construction of real con-
tact structures and on its relationship with complex almost contact (metric) structures. In Section 3, we
review some basic generalities on almost contact manifolds, contact metric structures, and almost contact
3-structures. In Section 4, we provide a complete proof for Theorem 1 and its Corollaries 1-4.
2. Generalities on complex Contact manifolds
In this section, we provide an overview on complex contact geometry. Our main purpose is to investigate
Kobayashi’s construction of real contact structures [30] from the view point of complex almost contact
geometry [21], [22].
2.1. Complex contact manifolds. A complex contact manifold is a complex manifold (Z,J ) with odd
complex dimension 2n+ 1 ≥ 3 together with an open covering U = {Ui}i∈I of coordinate neighborhoods
such that:
(1) On each open set Ui we have a holomorphic 1-form θi such that
θi ∧
(
dθi
)n 6= 0. (2.1)
(2) On Ui ∩ Uj 6= ∅ there is a nonvanishing holomorphic function fij : Ui ∩ Uj → C× such that
θi = fijθj .
8See for instance [2, Lemma 1.2].
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Given a complex contact manifold (Z,J , {θi}), if Ui ∩ Uj 6= ∅, since ker(θi)|Ui∩Uj = ker(θj)|Ui∩Uj , by
defining
H 1,0 :=
(⋃
i∈I
ker(θi)
)⋂
T 1,0Z, (2.2)
it follows that H 1,0 is a well-defined holomorphic subbundle of T 1,0Z of maximal rank and complex dimen-
sion 2n. This holomorphic subbundle is called holomorphic contact subbundle. Considering the identification
of holomorphic vector bundles T 1,0Z ∼= (TZ,J ), we shall denote by H ⊂ TZ the holomorphic subbundle
corresponding to the contact subbundle H 1,0.
From the line bundle E = {fij} ∈ H1(Z,O∗Z), and the relation θi = fijθj on the overlaps Ui ∩ Uj 6= ∅,
we can define a holomorphic vector bundle epimorphism θ : TZ → E, such that
θ|Ui := θi ⊗ si, (∀i ∈ I)
where si ∈ H0(Ui, E) is some nonvanishing holomorphic local section. From this, we obtain an exact
sequence of holomorphic vector bundles
0 −→ ker(θ) −→ TZ −→ E −→ 0, (2.3)
such that H = ker(θ). Moreover, from the condition θi = fijθj , we obtain
θi ∧
(
dθi
)n
= fn+1ij θj ∧
(
dθj
)n
,
on Ui ∩ Uj 6= ∅, so we have a morphism θ ∧ (dθ)n : det(TZ)→ E⊗(n+1). Since θi ∧
(
dθi
)n
is a holomorphic
(2n+1)-form which does not vanish in Ui, it follows that θ∧ (dθ)n defines a isomorphism between det(TZ)
and E⊗(n+1). Hence, from the exact sequence 2.3, we have
E⊗(n+1) ∼= det(TZ) = det(H )⊗ E, (2.4)
so we obtain det(H ) ∼= E⊗n, and KZ = {f−(n+1)ij } ∈ H1(Z,O∗Z). The holomorphic line bundle E is called
contact line bundle.
Remark 2.1. In the construction above we have that θ ∈ H0(Z,Ω1Z ⊗ E) defines completely the contact
structure given by the local data {θi}. Thus, we can also refer to a complex contact manifold as being
a (2n + 1)-dimensional complex manifold (Z,J ) with a twisted 1-form θ ∈ H0(Z,Ω1Z ⊗ E), such that
θ ∧ (dθ)n ∈ H0(Z,KZ ⊗ E⊗(n+1)) does not vanish anywhere.
Definition 2.2. A Fano manifold is compact complex manifold Z such that c1(Z) can be represented by
a positive (1, 1)-form.
A Fano manifold with a complex contact structure is called Fano contact manifold . This class of complex
contact manifolds plays an important role in the study of positive quaternionic Ka¨hler geometry. In fact, in
[42], is was shown that the twistor space of a compact positive quaternionic Ka¨hler manifold is a complex
contact manifold which admits a Ka¨hler-Einstein metric with positive scalar curvature. Moreover, the
converse is also true:
Theorem 2.3 ( LeBrun, [34]). Let Z be a Fano contact manidold. Then Z is a twistor space iff it admits
a Ka¨hler-Einstein metric.
Remark 2.4. So far, it is unknown whether there are Fano contact manifolds which do not admit Ka¨hler-
Einstein metrics. Being more precise, if Z is a Fano contact manifold, such that b2(Z) > 1, then Z =
P(T ∗CPn+1), see for instance [35], so it is a homogeneous Ka¨hler-Einstein manifold. In the case that Z is
Fano contact with b1(Z) = 1, it is conjectured (Conjecture 1) that Z is also homogeneous Ka¨hler-Einstein
manifold, i.e., it is conjectured that Z = P(Omin), where Omin ⊂ gC is the unique minimal nilpotent orbit
associated to some complex simple Lie algebra gC, see for instance [2],[7].
2.2. Kobayashi’s Real contact structure. Let (Z,J , θ) be a complex contact manifold, and consider
the holomorphic line bundle defined by L = E−1, where E ∈ Pic(Z) is the associated contact line bundle.
Fixed a Hermitian structure 〈· , ·〉L : L× L→ C, consider
Q(L) =
{
u ∈ L ∣∣ 〈u, u〉 12 = 1 }.
In [30], Kobayashi showed that the complex contact structure θ ∈ H0(Z,Ω1Z ⊗ E) induces a real contact
form η ∈ Ω1(Q(L)) on the total space of the U(1)-principal bundle Q(L)→ Z. This real contact structure
can be described as follows: Firstly, notice that L = {gij}, such that gij = f−1ij . By taking holomorphic
coordinates ϕi : Ui ×C× → L×, i ∈ I, we can define
ϑi := ziπ
∗θi, (i ∈ I) (2.5)
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where π : L× → Z is the projection map, and zi = pr2 ◦ ϕ−1i . Since zi = gijzj on L×|Ui∩Uj , and θi = fijθ
on Ui ∩ Uj , we have a globally well-defined holomorphic 1-form ϑ on Tot(L×), such that ϑ = ϑi on L|Ui ,
∀i ∈ I. From ϑ ∈ Ω1Tot(L×), we define
η :=
1
2
(ϑ+ ϑ)|Q(L) = Re(ϑ)|Q(L). (2.6)
Using the local description of ϑ, and the fact that θi ∧
(
dθi
)n 6= 0, it can be shown that η ∧ (dη)2n+1 6= 0.
Thus, we have that (Q(L), η) is a real contact manifold.
For our purpose, it will be useful to consider the following local description of η ∈ Ω1(Q(L)): Taking
local coordinates ϕi : Ui ×C× → L×, we have
〈ϕi(x, zi), ϕi(x, zi)〉L = hi(x)|zi|2 (2.7)
where hi : Ui → R+ are positive smooth functions, satisfying
hj = hi|gij |2 on Ui ∩ Uj 6= ∅. (2.8)
Thus, for every ϕi(x, zi) ∈ Q(L)|Ui , we have
|zi| = 1√
hi(x)
. (2.9)
Considering polar coordinates zi = |zi|e
√−1φi(zi), we can describe η (locally) as follows
η =
Re
(
e
√−1φiπ∗Q(θi)
)
√
hi ◦ πQ
= cos(φi)π
∗
Q
(Re(θi)√
hi
)
− sin(φi)π∗Q
(Im(θi)√
hi
)
, (2.10)
such that πQ = π ◦ ι, where ι : Q(L)→ Tot(L×) is the natural inclusion map.
Remark 2.5. It will be important for us to consider the following generalities. From the definition, we have
that Q(L) can be described in terms of its transition functions tij : Ui ∩ Uj → U(1), such that tij = gij|gij | .
From this, we have
tij = cos(ψij)−
√−1 sin(ψij) = e−
√−1ψij (2.11)
It is worth observing that φj = φi + ψij ◦ πQ + 2πk, on Q(L)|Ui∩Uj , with k ∈ Z.
2.3. Complex almost contact structures. Given a complex manifold (Z,J ), together with an open
covering U = {Ui}i∈I , we say that Z is a complex almost contact manifold if it satisfies the following
conditions:
(1) On each Ui there exist 1-forms ui, vi = ui ◦ J , vector fields Ai, Bi = −JAi, and (1, 1) tensor
fields Gi, Hi = Gi ◦J , such that
ui(Ai) = 1, Gi ◦Gi = −Id + ui ⊗Ai + vi ⊗Bi, Gi ◦J = −J ◦Gi, ui ◦Gi = 0; (2.12)
HiGi = −GiHi = J + ui ⊗Bi − vi ⊗Ai, vi ◦Gi = vi ◦Hi = ui ◦Hi = 0, (2.13)
GiAi = GiBi = HiAi = HiBi = 0, vi(Ai) = ui(Bi) = 0. (2.14)
(2) On Ui ∩ Uj 6= ∅, we have a, b ∈ C∞(Ui ∩ Uj), satisfying a2 + b2 = 1, such that{
uj = aui − bvi,
vj = bui + avi,
{
Aj = aAi − bBi,
Bj = bAi + aBi,
{
Gj = aGi − bHi,
Hj = bGi + aHi.
(2.15)
We say that a complex almost contact manifold Z is a complex almost contact metric manifold, if, addition-
ally, it admits a Hermirtian metric g which satisfies
ui(X) = g(Ai, X) and g(GiX,Y ) = −g(X,GiY ), (2.16)
for any vector fields X and Y . In the setting of complex contact manifolds, we have the following result:
Theorem 2.6 (Ishihara & Konishi, [22]). Let (Z,J , θ) be a complex contact manifold of complex dimension
2n+ 1. Then Z admits a complex almost contact metric structure.
In what follows, we give a brief sketch of how such a complex almost contact metric structure provided by
the above theorem can be obtained from the underlying complex contact structure, the details and complete
proofs omitted here can be found in [22], [43] and [17].
Under the hypothesis of Theorem 2.6, and keeping the notation of the previous section, consider the
Hermitian line bundle (L, 〈· , ·〉L), such that L = E−1. Since L is determined by the cocycles gij = f−1ij ,
from Eq. 2.8 we obtain
hi = |fij |2hj .
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Thus, by setting9 ̟i :=
θi√
hi
, on each Ui ∈ U , we have
̟i =
fij
|fij |̟j =
1
tij
̟j =⇒ ̟j = tij̟i on Ui ∩ Uj 6= ∅,
recall that tij =
gij
|gij | = cos(ψij)−
√−1 sin(ψij), see Remark 2.5.
Remark 2.7 (Normalized contact structure). Notice that θi ∧
(
dθi
)n 6= 0 =⇒ ̟i ∧ (d̟i)n 6= 0, on every
Ui ∈ U , so the set {̟i} described above defines a normalized contact structure on Z, see for instance
[17]. By definition, we have that the normalized contact structure {̟i} depends on the Hermitian structure
〈· , ·〉L on L.
Denoting ̟i = ui −
√−1vi, we obtain
ui =
Re(θi)√
hi
and vi = −Im(θi)√
hi
, (2.17)
notice that vi = ui ◦J . Moreover, since ̟j = tij̟i on Ui ∩ Uj 6= ∅, it follows that
uj = cos(ψij)ui − sin(ψij)vi, vj = sin(ψij)ui + cos(ψij)vi, (2.18)
see Eq. 2.11. Now, we consider the collection of 1-forms σi ∈ Ω1(Ui), Ui ∈ U , defined by
√−1σi := 1
2
(∂ − ∂) log(hi). (2.19)
It is straightforward to verify that
√−1σj =
√−1σi − d log
( fij
|fij |
)
=
√−1σi + dtij
tij
=
√−1(σi − dψij), (2.20)
on Ui ∩Uj 6= ∅, see Remark 2.5. From these local data, we define on each Ui ∈ U a complex-valued 2-form
Ωi by
Ωi := d̟i −
√−1σi ∧̟i. (2.21)
The complex valued 2-forms defined above satisfies the following relation on Ui ∩ Uj 6= ∅
Ωi =
fij
|fij |Ωj ⇐⇒ Ωj = tijΩi.
Moreover, since ̟i ∧
(
d̟i
)n 6= 0, on Ui ∈ U , we obtain
̟i ∧ Ωni 6= 0 on Ui ∈ U . (2.22)
Hence, each Ωi is a complex-valued 2-form of rank 2n on Ui.
Remark 2.8 (Ω-structure). It is worth to observe that
d̟i = ∂̟ − 1
2
∂ log(hi) ∧̟i =⇒ Ωi = ∂̟i − 1
2
∂ log(hi) ∧̟i, (2.23)
so we have Ωi ∈ Ω2,0(Ui), for every Ui ∈ U . Hence, the collection of (2,0)-forms {Ωi} defines a Ω-structure
in the sense of Shibuya [43].
The collection of (2,0)-forms {Ωi} described above gives rise to skew-symmetric local tensor fields Gˆi and
Hˆi, defined by
Gˆi := Re(Ωi) = dui − σi ∧ vi and Hˆi := −Im(Ωi) = dvi + σi ∧ ui. (2.24)
It is straightforward to verify that
Ωj = tijΩi =⇒
{
Gˆj = cos(ψij)Gˆi − sin(ψij)Hˆi,
Hˆj = sin(ψij)Gˆi + cos(ψij)Hˆi,
(2.25)
on Ui ∩ Uj 6= ∅. Also, since Ωi ∈ Ω2,0(Ui), ∀Ui ∈ U , it can be shown that
Hˆi(X,Y ) = Gˆi(JX,Y ) and Gˆi(X,Y ) = −Hˆi(JX,Y ), (2.26)
for any vector fields X and Y . Now, if we put for any x ∈ Ui(∈ U )
Vi(x) =
{
X ∈ TxZ
∣∣ Gˆi(X,Y ) = 0, ∀Y ∈ TxZ},
9Observe that, denoting τi =
√
hi, we have
fij
|fij |
= τ−1i fijτj , cf. [22, Eq. 2.2].
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we get on Ui a local distribution Vi : x 7→ Vi(x). From Eq. 2.25 and Eq. 2.26, it follows that Vi = Vj on
Ui ∩ Uj 6= ∅. Thus, we have a globally well-defined smooth distribution V , which is of real dimension 2.
From this, it can be shown that there exist local defined smooth vector fields Ai, Bi on each Ui ∈ U which
generates Vi, satisfying
ui(Ai) = vi(Bi) = 1 and ui(Bi) = vi(Ai) = 0. (2.27)
see for instance [22, Lemma 3.1]. Moreover, we have on Ui ∩ Uj 6= ∅ the following relations
Aj = cos(ψij)Ai − sin(ψij)Bi, Bj = sin(ψij)Ai + cos(ψij)Bi. (2.28)
Remark 2.9. If we consider Hi = ker(̟i), on each Ui ∈ U , from the definition of ̟i, we recover the
distribution H which corresponds to H 1,0 = ker(θ) under the identification T 1,0Z ∼= (TZ,J ). Moreover,
we have the Whitney sum
TZ ∼= H ⊕ V . (2.29)
Further, since Aj +
√−1Bj = e
√−1ψij (Ai +
√−1Bi), on Ui ∩ Uj 6= ∅ (cf. Eq. 2.11), by complexifying the
fibers of V , we obtain a C∞-isomorphism of complex line bunles V ∼= E , so TZ ∼= H ⊕ E
Now, using the skew-symmetric local tensor fields Gˆi, one can construct a Hermitian metric gZ on Z,
satisfying
Gˆi(X,Y ) = gZ(GiX,Y ) and ui(X) = gZ(Ai, X) (2.30)
for any vector fields X and Y , see for instance [22]. The local 1-forms ui, vi = ui ◦ J , vector fields
Ai, Bi = −JAi, and (1, 1) tensor fields Gi, Hi = Gi ◦J , satisfy Eq. 2.12, Eq. 2.13 and Eq. 2.14. Also,
we have from Eq. 2.25, and Eq. 2.30, that
Gj = cos(ψij)Gi − sin(ψij)Hi, Hj = sin(ψij)Gi + cos(ψij)Hi, (2.31)
on Ui ∩ Uj 6= ∅. From this, we obtain a complex almost contact metric structure on (Z,J , θ) completely
determined by θ ∈ H0(Z,Ω1Z ⊗ E).
Remark 2.10. Although the definition of (ui, vi, Ai, Bi, Gi, Hi) depends on the choice made of some Her-
mitian structure 〈· , ·〉L on L (see Remark 2.7), we have that the splitting describe in Eq. 2.29 depends only
on θ ∈ H0(Z,Ω1Z ⊗ E).
Remark 2.11. As we shall see afterwards, the locally defined structure tensors (ui, vi, Ai, Bi, Gi, Hi) can
be used to construct globally defined tensor fields on the manifold underlying the total space of the U(1)-
principal bundle Q(L). An example of this procedure implicitly appears in Kobayashi’s construction (Eq.
2.6). In fact, the local expression of Kobayashi’s real contact structure η ∈ Ω1(Q(L)), given in Eq. 2.10,
can be rewritten using Eq. 2.17 as
η = cos(φi)π
∗
Q(ui) + sin(φi)π
∗
Q(vi). (2.32)
Hence, one can realize Kobayashi’s real contact structure η as a globally defined 1-form obtained by gluing
locally defined 1-forms as described on the right-hand side of Eq. 2.32. In order to prove our main result, we
will show that the locally defined structure tensors (ui, vi, Ai, Bi, Gi, Hi) can be used to construct an almost
contact structure on Q(L), which is compatible, in a suitable sense, with Hatakeyama’s almost contact
structure [19].
3. Generalities on Almost contact geometry
In this section, we review some basic generalities on almost contact geometry, contact metric geometry,
and almost 3-contact geometry. Further, we also introduce some notations to be used in the next sections.
3.1. Almost contact manifolds. Let us recall some basic facts and generalities on almost contact geom-
etry. Our approach is based on [40], [6].
An almost contact manifold is a real (2n+ 1)-dimensional smooth manifold M endowed with structure
tensors (Φ, ξ, η), such that Φ ∈ End(TM), ξ ∈ X(M), and η ∈ Ω1(M), satisfying
Φ ◦ Φ = −Id + η ⊗ ξ, η(ξ) = 1. (3.1)
An almost contact structure (Φ, ξ, η) is said to be normal if it satisfies[
Φ,Φ
]
+ 2dη ⊗ ξ = 0. (3.2)
A smooth manifold M endowed with a normal almost contact structure (Φ, ξ, η) is called normal almost
contact manifold. An alternative way to characterize the normality condition for an almost contact structure
is provided as follows: Given an almost contact manifoldM with structure tensors (Φ, ξ, η), we can consider
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the manifold defined by M × R. Denoting by t the coordinate on R, we can define an almost complex
structure I on M ×R such that
I(X) := Φ(X)− η(X) d
dt
, I
( d
dt
)
:= ξ. (3.3)
for all X ∈ X(M). By following [40], we can show that
[
Φ,Φ
]
+ 2dη ⊗ ξ = 0⇐⇒ [I, I] = 0. (3.4)
Thus, we have the normality condition for (Φ, ξ, η) equivalent to the integrability for the almost complex
structure I defined in 3.3.
A Riemannian metric g on an almost contact manifoldM is said to be compatible with its almost contact
structure (Φ, ξ, η) if
g(ξ,X) = η(X), g(Φ(X),Φ(Y )) = g(X,Y )− η(X)η(Y ), (3.5)
for any vector fields X and Y . An almost contact manifold with a compatible Riemannian metric is called
normal almost contact metric manifold. In [39], it was shown that every almost contact manifold admits a
compatible Riemannian metric.
An important result which allows us to get a huge class of examples of normal almost contact manifolds
is the following theorem:
Theorem 3.1 (Hatakeyama, [19]; Morimoto, [37]). Let Q be the total space of a U(1)-principal bundle over
a complex manifold (M,J). Suppose we have a connection 1-form
√−1η on Q, such that dη = π∗(ω), here
π denotes the projection of Q onto M , and suppose that ω is a 2-form on M satisfying
ω(JX, JY ) = ω(X,Y ),
for X,Y ∈ X(M). Then, we can define a (1, 1)-tensor field Φ on Q, and a vector field ξ on Q, such that
(Φ, ξ, η) is a normal almost contact structure on Q.
The description of the normal almost contact structure given in the above theorem can be easily described
as follows: Consider ξ = ∂
∂φ
∈ X(Q) as being the vector field defined by the infinitesimal action of u(1) on
Q and let
√−1η ∈ Ω1(Q; u(1)) be a connection 1-form, such that dη = π∗(ω). Without loss of generality,
we can suppose that η(ξ) = 1. Now, we define Φ ∈ End(TQ) by setting
Φ(X) := (Jπ∗(X))#, ∀X ∈ TQ. (3.6)
Here we denote by (Jπ∗(X))# the horizontal lift of Jπ∗(X) relative to the connection
√−1η ∈ Ω1(Q; u(1)).
A straightforward computation shows that (Φ, ξ, η) defines an almost contact structure, see for instance [19,
Theorem 1]. For the normality condition, we just need to check that[
J, J
] ≡ 0 and ω ∈ Ω1,1(M) =⇒ [Φ,Φ]+ 2dη ⊗ ξ = 0,
the details of the implication above can be found in [19, Theorem 2], [37, Theorem 6].
Remark 3.2 (IK-connection). Let (Z,J , θ) be a complex contact manifold of complex dimension 2n + 1.
As we have seen, there exists a system of locally defined 1-forms A = {(σi, Ui)}, which satisfies√−1σj =
√−1(σi − dψij) on Ui ∩ Uj 6= ∅,
see Eq. 2.19 and Eq. 2.20. From the relation above, we have a connection 1-form
√−1η1 ∈ Ω1(Q(L); u(1)),
such that
η1 = π
∗
Q(σi) + dφi on Q(L)|Ui , (3.7)
notice that dφj = dφi + π
∗
Q(dψij), on Ui ∩ Uj 6= ∅, see Remark 2.5. The connection
√−1η1 is called
Ishihara-Konishi connection (IK-connection). Further, we have dη1 = π
∗
Q(ω), where ω ∈ Ω1,1(Z), such that
ω =
√−1∂∂ log(hi) on Ui ∈ U . (3.8)
Therefore, from Theorem 3.1, we obtain a normal almost contact structure (Φ1, ξ1, η1) on Q(L).
3.2. Contact metric structures. A contact manifold is a pair (M, η), whereM is manifold of real dimen-
sion 2n+ 1, and η is a 1-form (contact structure) which satisfies η ∧ (dη)n 6= 0. Associated to the contact
structure η, we have a smooth vector field ξ ∈ X(M), called characteristic (or Reeb) vector field, which
satisfies
ξydη = 0 and ξyη = 1.
Given a contact manifold (M, η), with characteristic vector field ξ ∈ X(M), we say that a Riemannian
metric g is an associated metric if the following properties are satisfied:
(1) η(X) = g(X, ξ);
(2) There exists a (1,1)-tensor field Φ ∈ End(TM), satisfying
Φ ◦ Φ = −Id + η ⊗ ξ and dη = g(Φ⊗ Id). (3.9)
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A contact manifold with an associated metric is called contact metric manifold . As one can see, every
contact metric manifold is particularly an almost contact metric manifold. In fact, from (1) and (2), we
have
g(Φ(X),Φ(Y )) = dη(X,Φ(Y )) = −dη(Φ(Y ), X) = −g(Φ(Φ(Y )), X) = g(X,Y )− η(X)η(Y ). (3.10)
Given a contact metric manifold (M, η), with associated metric g, if the underlying almost contact structure
(Φ, ξ, η) is normal, then M is called Sasaki manifold [39].
Remark 3.3. LetM be a smooth manifold with a Sasakian structure (g,Φ, ξ, η), such that dim
R
(M) = 2n+1.
By setting D := ker(η), it can be shown that (D ,Φ|D , g|D) defines a Ka¨hler foliation on M , see for instance
[9, Corollary 6.5.11]. Defining gT := g|D , we have the following relations:
(1) Ricg(X,Y ) = RicgT (X,Y )− 2g(X,Y ), ∀X,Y ∈ D ,
(2) Ricg(X, ξ) = 2nη(X), ∀X ∈ TM ,
see for instance [9, Theorem 7.3.12]. Hence, if g is a Einstein, we have Scalg = 2n(2n + 1), and RicgT =
2(n + 1)gT . In this last case, if the characteristic foliation Fξ defined by the characteristic vector field
ξ ∈ X(M) is regular, then the transverse Ka¨hler-Einstein structure (D ,Φ|D , gT ) pushes down to a Ka¨hler-
Einstein structure on the smooth manifold N :=M/Fξ defined by the leaf space.
3.3. Almost contact 3-structures. An almost contact 3-structure on a smooth manifoldM is defined by
three almost contact structures (Φα, ξα, ηα), α = 1, 2, 3, satisfying
Φα ◦ Φβ − ηβ ⊗ ξα = −Φβ ◦ Φα + ηα ⊗ ξβ = Φγ , (3.11)
Φα(ξβ) = −Φβ(ξα) = ξγ , ηα ◦ Φβ = −ηβ ◦ Φα = ηγ , (3.12)
for any cyclic permutation (α, β, γ) of (1, 2, 3). The notion of almost contact 3-structure was introduced
by Kuo [32] and independently under the name almost coquaternion structure by Udriste [46]. A manifold
endowed with an almost contact 3-structure is called almost 3-contact manifold . For our purpose, it will be
important to consider the following results:
Theorem 3.4 (Kuo, [32]). If a smooth manifold admits two almost contact structures (Φα, ξα, ηα), α = 1, 2,
satisfying
Φ1(ξ2) = −Φ2(ξ1), η1 ◦ Φ2 = −η2 ◦ Φ1, η1(ξ2) = η2(ξ1) = 0, (3.13)
Φ1 ◦ Φ2 − η2 ⊗ ξ1 = −Φ2 ◦ Φ1 + η1 ⊗ ξ2, (3.14)
then it admits an almost contact 3-structure.
Remark 3.5. Under the hypothesis of the above theorem, the third almost contact structure can be obtained
by setting
ξ3 = Φ1(ξ2), η3 = η1 ◦ Φ2, Φ3 = Φ1 ◦ Φ2 − η2 ⊗ ξ1, (3.15)
Theorem 3.6 (Yano, Ishihara, Konishi, [49]). If, for an almost contact 3-structure (Φα, ξα, ηα), α = 1, 2, 3,
any two of almost contact structures (Φα, ξα, ηα) are normal, then the third is so.
Remark 3.7. Given an almost contact 3-structure (Φα, ξα, ηα), α = 1, 2, 3, on a smooth manifold M ,
following Eq. 3.3, we have three almost complex structures on M ×R, such that
Iα(X) := Φα(X)− ηα(X) d
dt
, Iα
( d
dt
)
:= ξα, (α = 1, 2, 3)
for every X ∈ X(M). From Eq. 3.11, it can be shown that
Iα ◦ Iβ = −Iβ ◦ Iα = Iγ , (3.16)
for any cyclic permutation (α, β, γ) of (1, 2, 3). Therefore, we have that (M × R, I1, I2, I3) defines an
almost hypercomplex manifold . In the case that each one of the almost complex structures I1, I2, I3, is
integrable, we have that (M × R, I1, I2, I3) is a hypercomplex manifold . Notice that, if any two of the
almost contact structures (Φα, ξα, ηα), α = 1, 2, 3, are normal, then from Theorem 3.6, and Eq. 3.4, we have
that (M ×R, I1, I2, I3) is hypercomplex.
Given an almost contact 3-structure (Φα, ξα, ηα), α = 1, 2, 3, a Riemannian metric g is said to be com-
patible with the almost contact 3-structure if
g(ξα, X) = ηα(X), g(Φα(X),Φα(Y )) = g(X,Y )− ηα(X)ηα(Y ), (α = 1, 2, 3) (3.17)
for any vector fields X and Y . An almost contact 3-structure with a compatible Riemannian metric is called
almost contact metric 3-structure.
As in the case of almost contact structures, the following theorem ensures the existence of associated
Riemannian metrics on almost 3-contact manifolds.
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Theorem 3.8 (Kuo, [32]). Every manifold with an almost contact 3-structure admits a compatible Rie-
mannian metric.
Remark 3.9. Let (Φα, ξα, ηα), α = 1, 2, 3, be an almost contact 3-structure on a smooth manifold M , and
consider gM as being the compatible Riemannian metric provided by the last theorem. As we have seen,
an almost contact 3-structure induces an almost hypercomplex structure (I1, I2, I3) on the manifold on
C (M) :=M ×R. By considering gM , we can define a Riemannian metric gC on C (M) such that
gC := gM + dt⊗ dt. (3.18)
From the above metric, we have that (gC , Iα) defines an almost Hermitian structure on C (M), for α = 1, 2, 3.
Thus, in this case, we have that (C (M), gC , I1, I2, I3) is an almost hyperhermitian manifold .
3.4. Contact metric 3-structures. A contact metric 3-structure on a smooth manifold M is defined by
a set of three contact structures ηα, α = 1, 2, 3, with same associated metric g, such that the underlying
almost contact structures (Φα, ξα, ηα), α = 1, 2, 3, satisfy Eq. 3.11. Notice that, in this case, the structure
tensors (Φα, ξα, ηα), α = 1, 2, 3, in fact define an almost contact 3-structure, see [32, Theorem 2]. A contact
metric 3-structure is said to be 3-Sasaki if each one of the underlying almost contact structures (Φα, ξα, ηα),
α = 1, 2, 3, is a normal almost contact structure. A manifold which admits a 3-Sasaki structure is called
3-Sasakian manifold . The following result will be important for us later.
Theorem 3.10 (Kuo, [32]). If, for an almost contact metric 3-structure (gM ,Φα, ξα, ηα), α = 1, 2, 3, any
two of almost contact metric structures (gM ,Φα, ξα, ηα) are Sasaki, then the third is so.
A remarkable result in the setting of contact metric 3-structures is given by the following theorem:
Theorem 3.11 (Kashiwada, [28]). A contact metric 3-structure is necessarily a 3-Sasaki structure.
Remark 3.12. In order to fix some notations to be used latter, let us sketch the proof of the last theorem. Let
M be a manifold with a contact metric 3-structure ηα, α = 1, 2, 3, and associated metric gM . Considering
the underlying almost contact 3-structure (Φα, ξα, ηα), α = 1, 2, 3, by definition of Sasakian manifolds,
it is enough to show that (Φα, ξα, ηα) is normal, for α = 1, 2, 3. From Remark 3.7, we have an almost
hypercomplex structure (I1, I2, I3) on C (M) = M × R. Further, we can define a Riemannian metric
metric gC on C (M), where gC is given as in Eq. 3.18. From these, we have that (gC , I1, I2, I3) defines an
almost hyperhermitian structure on C (M). Since gM is also compatible with the almost contact structures
(Φα, ξα, ηα), α = 1, 2, 3, see Eq. 3.10, it follows that Θα := gC (Iα ⊗ Id) = dηα + dt ∧ ηα, thus
dΘα = Θα ∧ dt, (α = 1, 2, 3). (3.19)
Therefore, by setting gHK = e
tgC , we have that (gHK, I1, I2, I3) also defines an almost hyperhermitian
structure on C (M). Moreover, since
ωα := gHK(Iα ⊗ Id) = etΘα = d(etηα), (α = 1, 2, 3) (3.20)
it follows from [20, Lemma 6.8] that (gHK, I1, I2, I3) is in fact a hyperka¨hler structure on C (M). In particular,
we have that Iα, α = 1, 2, 3, are integrable, which in turn implies that (Φα, ξα, ηα), α = 1, 2, 3, are normal.
Now, we consider the following result:
Theorem 3.13 (Kashiwada, [27]; cf. Boyer, Galicki, [11]). Let M be a smooth manifold with a 3-Sasakian
structure (gM ,Φα, ξα, ηα), α = 1, 2, 3. Then (M, gM ) is an Einstein space with positive scalar curvature.
Given a manifoldM with a 3-Sasaki structure (gM ,Φα, ξα, ηα), α = 1, 2, 3, if one supposes that (Φ1, ξ1, η1)
is a regular Sasaki structure, it follows from Remark 3.3 that, particularly, the transverse structure (D :=
ker(η1),Φ1|D1 , gT ) pushes down to a Ka¨hler-Einstein structure (g, J) on the smooth manifold N :=M/Fξ1 .
Actually, we have even more:
Theorem 3.14 (Ishihara & Konishi, [23] ). LetM be a smooth manifold with a 3-Sasaki structure (gM ,Φα, ξα, ηα),
α = 1, 2, 3, and suppose that one of the Sasaki structures, say (Φ1, ξ1, η1), is a regular Sasaki structure. Then
the leaf space N :=M/Fξ1 admits a complex almost contact metric structure. Moreover, the complex almost
contact metric structure on the orbit space is a Ka¨hler-Einstein structure of positive scalar curvature.
Remark 3.15. In view of the result above, the main theorem of this work can be thought of as a converse
construction which allows us to go from complex contact geometry to almost 3-contact metric geometry
from complex contact.
4. Proof of main results
In this section, we provide a complete proof for our main result and its corollaries. For the sake of
simplicity, we shall restate the results presented in the introduction.
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4.1. Proof of Theorem 1. Let (Z,J , θ) be a complex contact manifold, and consider its complex almost
contact structure (ui, vi, Ai, Bi, Gi, Hi) provided by Theorem 2.6. In what follows, we consider the notation
introduced in Section 2.3. Also, we shall denote by X# the horizontal lift relative to the IK-connection
(Remark 3.2), for any vector field X on Z. In order to prove the main theorem (Theorem 1), we first prove
two technical lemmas:
Lemma 1. The locally defined tensor fields:
(1) Ψi(X) := cos(φi)(GiπQ∗(X))# + sin(φi)(HiπQ∗(X))#, ∀X ∈ X(π−1Q (Ui)),
(2) Ξi := cos(φi)A
#
i + sin(φi)B
#
i ∈ X(π−1Q (Ui)),
satisfy Ψi = Ψj, and Ξi = Ξj, on π
−1
Q (Ui ∩ Uj) 6= ∅.
Proof. Given any X ∈ X(π−1Q (Ui ∩ Uj)), from Eq. 2.31, it follows that
cos(φj)(GjπQ∗(X))# = cos(φj) cos(ψij ◦ πQ)(GiπQ∗(X))# − cos(φj) sin(ψij ◦ πQ)(HiπQ∗(X))#, (4.1)
and
sin(φj)(HjπQ∗(X))# = sin(φj) sin(ψij ◦ πQ)(GiπQ∗(X))# + sin(φj) cos(ψij ◦ πQ)(HiπQ∗(X))#. (4.2)
Hence, summing Eq. 4.1 and Eq. 4.2, and rearranging the result, we obtain
Ψj(X) = cos
(
φj − ψij ◦ πQ
)
(GiπQ∗(X))# + sin
(
φj − ψij ◦ πQ
)
(HiπQ∗(X))#.
Now, since φj = φi+ψij ◦πQ+2πk, on π−1Q (Ui∩Uj), with k ∈ Z (see Remark 2.5), we have Ψi(X) = Ψj(X),
for all X ∈ X(π−1Q (Ui ∩ Uj)). From Eq. 2.28, and a similar computation as above, we can also verify that
Ξi = Ξj , on π
−1
Q (Ui ∩ Uj) 6= ∅. 
The result above allows us to define a smooth (1, 1)-tensor field Ψ ∈ End(TQ(L)), and a smooth vector
field Ξ ∈ X(Q(L)), by gluing the local data {Ψi} and {Ξi}. By considering the Kobayashi’s contact structure
η ∈ Ω1(Q(L)), from Eq. 2.32, and the local description of (Ψ,Ξ), we obtain
Ψ(Ξ) = 0, η(Ξ) = 1 and η ◦Ψ = 0. (4.3)
Now, consider the (normal) almost contact structure (Φ1, ξ1, η1) on Q(L) provided by the IK-connection
(Remark 3.2). Denoting η2 := η, and ξ2 := Ξ, we define Φ2 ∈ End(TQ(L)), such that
Φ2 := Ψ− η1 ⊗ Φ1(ξ2)− (η2 ◦ Φ1)⊗ ξ1. (4.4)
Notice that, since vi = ui ◦J and Bi = −JAi, from Eq. 3.6, locally, we have
Φ1(ξ2) = sin(φi)A
#
i − cos(φi)B#i and η2 ◦ Φ1 = − sin(φi)π∗Q(ui) + cos(φi)π∗Q(vi). (4.5)
Remark 4.1. From the definition of (Φα, ξα, ηα), α = 1, 2, and Eq. 4.5, the following properties can be easily
verified:
η2(Φ1(ξ2)) = η2(ξ1) = η1(ξ2) = 0 (4.6)
Φ2(ξ1) = −Φ1(ξ2), Φ2(ξ2) = 0, Φ2(Φ1(ξ2)) = ξ1 (4.7)
Now, from the above facts, we have the following lemma:
Lemma 2. (Φ2, ξ2, η2) defines an almost contact structure on Q(L).
Proof. We already have seen that η2(ξ2) = 1, see Eq. 4.3. Thus we just need to verify that
Φ2 ◦ Φ2 = −Id + η2 ⊗ ξ2.
In order to prove the above equation, consider the decomposition induced by the IK-connection on TQ(L),
i.e.,
TQ(L) = Hor(TQ(L))⊕Vert(TQ(L)), (4.8)
such that Hor(TQ(L)) = ker(η1). Given X ∈ TQ(L), we have
X = Xhor + η1(X)ξ1, (4.9)
where Xhor = X − η1(X)ξ1. From the above decomposition, we obtain
(Φ2 ◦ Φ2)(X) = (Φ2 ◦ Φ2)(Xhor) + η1(X)(Φ2 ◦ Φ2)(ξ1)
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Since η2(ξ1) = 0, Φ2(ξ1) = −Φ1(ξ2), and Φ2(Φ1(ξ2)) = ξ1, we have (Φ2 ◦ Φ2)(ξ1) = −ξ1 + η2(ξ1)ξ2, so
(Φ2 ◦Φ2)(X) = (Φ2 ◦ Φ2)(Xhor)− η1(X)ξ1 + η1(X)η2(ξ1)ξ2. (4.10)
Now, for Xhor ∈ Hor(TQ(L)), we have
Φ2(X
hor) = Ψ(Xhor)− η2(Φ1(Xhor))ξ1 =⇒ (Φ2 ◦Φ2)(Xhor) = Φ2(Ψ(Xhor))− η2(Φ1(Xhor))Φ2(ξ1). (4.11)
Since vi ◦Gi = vi ◦Hi = ui ◦Hi = 0, it follows that η2(Φ1(Ψ(Xhor))) = 0, and from the definition of Ψ, we
have η1(Ψ(Y )) = 0. Hence, it follows that Φ2(Ψ(X
hor)) = (Ψ◦Ψ)(Xhor). Now, using that Φ2(ξ1) = −Φ1(ξ2),
the last equality on the right-hand side of Eq. 4.11 becomes
(Φ2 ◦ Φ2)(Xhor) = (Ψ ◦Ψ)(Xhor) + η2(Φ1(Xhor))Φ1(ξ2), (4.12)
Now, we claim that:
(Ψ ◦Ψ)(Y ) = −Y + η2(Y )ξ2 − (η2(Φ1(Y ))Φ1(ξ2), (4.13)
for any vector field Y on Q(L). In fact, by considering the local expression of Ψ, ∀Y ∈ X(π−1Q (Ui)), we have
(Ψ ◦Ψ)(Y ) = sin(φi) cos(φi)
(
(Hi ◦Gi+Gi ◦Hi)πQ∗(Y )
)#
+cos2(φi)(G
2
i πQ∗(Y ))
#+sin2(φi)(H
2
i πQ∗(Y ))
#.
Since Hi ◦Gi +Gi ◦Hi = 0, and Hi ◦Hi = Gi ◦Gi = −Id + ui ⊗Ai + vi ⊗Bi, we obtain
(Ψ ◦Ψ)(Y ) = −Y + π∗Q(ui)(Y )A#i + π∗Q(vi)(Y )B#i .
Now, using the local description of η2, ξ2, η2 ◦ Φ1, and Φ1(ξ2) (see Eq. 4.5), it follows that
η2(Y )ξ2 − (η2(Φ1(Y ))Φ1(ξ2) = π∗Q(ui)(Y )A#i + π∗Q(vi)(Y )B#i .
Thus, Eq. 4.13 holds for any vector field Y on Q(L). Hence, taking Y = Xhor in Eq. 4.13, and replacing
the result in Eq. 4.12, we obtain
(Φ2 ◦ Φ2)(Xhor) = −Xhor + η2(Xhor)ξ2. (4.14)
From Eq. 4.10, and Eq. 4.14, we conclude that Φ2 ◦Φ2 = −Id+η2⊗ ξ2. Thus, (Φ2, ξ2, η2) defines an almost
contact structure on Q(L). 
Now, we can prove our main theorem:
Theorem 4.2. Let (Z,J , θ) be a complex contact manifold of complex dimension 2n+ 1 ≥ 3. Then there
exists a U(1)-principal bundle Q over Z which admits an almost contact metric 3-structure (gQ,Φα, ξα, ηα),
α = 1, 2, 3, satisfying the following properties:
(1) (Φ1, ξ1, η1) is a normal almost contact structure, such that Z = Q/Fξ1 , and Lξ1gQ = 0;
(2) η2 and η3 are contact structures, such that η2 ∧ (dη2)2n+1 = η3 ∧ (dη3)2n+1 6= 0;
(3) (gQ,Φα, ξα, ηα) is a contact metric structure, for α = 2, 3.
Moreover, both Q and (gQ,Φα, ξα, ηα), α = 1, 2, 3, can be constructed in a natural way from Z and θ.
Proof. Consider Q := Q(L), and (Φα, ξα, ηα), α = 1, 2, such that (Φ1, ξ1, η1) is the almost contact structure
induced by the IK-connection described in Remark 3.2, and (Φ2, ξ2, η2) is the almost contact structure
described in Lemma 2. In what follows, we first prove that Q admits an almost contact 3-structure satisfying
(1) and (2), and after that, we prove the existence of a compatible Riemannian metric gQ satisfying the
desired properties.
In order to prove that Q(L) admits an almost contact 3-structure, from Theorem 3.4, it is enough to
show that (Φα, ξα, ηα), α = 1, 2, satisfy Eq. 3.13, and Eq. 3.14. As we have mentioned in Remark 4.1,
the equations Φ1(ξ2) = −Φ2(ξ1) and η1(ξ2) = η2(ξ1) = 0, can be easily obtained from the definition of
(Φα, ξα, ηα), α = 1, 2. Thus, in Eq. 3.13, it remains to show that η1 ◦ Φ2 = −η2 ◦ Φ1. This last equation
can be easily verified as follows: Given X ∈ X(Q(L)), from the definition of Φ2 and η1, we obtain
η1(Φ2(X)) = η1(Ψ(X))− η1(X)η1(Φ1(ξ2))− η2(Φ1(X))η1(ξ1) = −η2(Φ1(X)).
Therefore, we have that (Φα, ξα, ηα), α = 1, 2, satisfy Eq. 3.13. In order to verify that Eq. 3.14 holds, we
proceed as follows: Given X ∈ X(Q), we notice that
Φ1(Φ2(X)) = Φ1(Ψ(X))− η1(X)Φ1(Φ1(ξ2)) = Φ1(Ψ(X)) + η1(X)ξ2, (4.15)
here we have used that η1(ξ2) = 0. Also, we have
Φ2(Φ1(X)) = Ψ(Φ1(X))− η2(Φ1(Φ1(X)))ξ1 = Ψ(Φ1(X)) + η2(X)ξ1, (4.16)
here we have used that η2(ξ1) = 0. Now, we consider the following fact:
Claim 1. Φ1(Ψ(X)) = −Ψ(Φ1(X)).
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Proof. From the definition of Ψ, it is enough to prove that the above equation holds locally. Thus, given
Y ∈ X(π−1Q (Ui)), for some Ui ∈ U , we have that
Φ1(Ψ(Y )) = cos(φi)
(
(J ◦Gi)πQ∗(X)
)#
+ sin(φi)
(
(J ◦Hi)πQ∗(X)
)#
.
Since Gi ◦J = −J ◦Gi, and Hi = Gi ◦J , we obtain
Φ1(Ψ(Y )) = sin(φi)(GiπQ∗(Y ))# − cos(φi)(HiπQ∗(Y ))#. (4.17)
On the other hand, we have
Ψ(Φ1(Y )) = cos(φi)
(
(Gi ◦J )πQ∗(Y )
)#
+ sin(φi)
(
(Hi ◦J )πQ∗(Y )
)#
,
so it follows that
Ψ(Φ1(Y )) = cos(φi)(HiπQ∗(Y ))# − sin(φi)(GiπQ∗(Y ))#. (4.18)
Therefore, from Eq. 4.17, adn Eq. 4.18, we obtain Φ1(Ψ(Y )) = −Ψ(Φ1(Y )), for any Y ∈ X(π−1Q (Ui)), and
any Ui ∈ U , so the desired equation holds for any X ∈ X(Q(L)). It concludes the proof of Claim 1. 
Now, from Eq. 4.15, Eq. 4.16, and Claim 1, it follows that
Φ1 ◦ Φ2 − η1 ⊗ ξ2 = Φ1 ◦Ψ = −Ψ ◦ Φ1 = −Φ2 ◦ Φ1 + η2 ⊗ ξ1.
Thus, we have that (Φα, ξα, ηα), α = 1, 2, satisfy Eq. 3.13. From Theorem 3.4, we conclude that Q(L)
admits an almost contact 3-structure (Φα, ξα, ηα), α = 1, 2, 3.
From Theorem 3.1, we have that (Φ1, ξ1, η1) is a normal almost contact structure, so we obtain item (1).
Further, by construction, we have that (Q(L), η2) is a contact manifold [30], see also Section 2.2. Thus,
by considering (Φ3, ξ3, η3) obtained from Eq. 3.15, in order to prove item (2), it remains to show that
(Q(L), η3) is a contact manifold, and η2 ∧ (dη2)2n+1 = η3 ∧ (dη3)2n+1 6= 0. In order to see that, notice that,
from Eq. 3.15, and Eq. 4.5, we have
η3 = −η2 ◦ Φ1 = sin(φi)π∗Q(ui)− cos(φi)π∗Q(vi), on π−1Q (Ui). (4.19)
Thus, from Eq. 2.17, we obtain
η3 =
Im
(
e
√−1φiπ∗Q(θi)
)
√
hi ◦ πQ
=
1
2
√−1(ϑ− ϑ)|Q(L), (4.20)
where ϑ = ziπ
∗θi, on π−1(Ui), see Eq. 2.5. As in the case of η2, one can show that η3 ∧ (dη3)2n+1 6= 0, on
Q(L). In fact, a direct computation shows that
(ϑ− ϑ) ∧ (dϑ− dϑ)2n+1 = (−1)n+1C0(zizi)n(zidzi − zidzi) ∧ π∗
(
θi ∧
(
dθi
)n ∧ θi ∧ (dθi)n), (4.21)
such that C0 =
(2n+1)!
n!n! . Now, by using Eq. 2.9, we have
zizi =
1
hi
=⇒ zidzi − zidzi = 2zidzi + dhi
h2i
. (4.22)
From the above relation, and a similar argument as in [30], we obtain that
(ϑ− ϑ) ∧ (dϑ− dϑ)2n+1|Q(L) = (−1)n+1
2C0
hni
zidzi ∧ π∗Q
(
θi ∧
(
dθi
)n ∧ θi ∧ (dθi)n), (4.23)
is different from zero in every point of Q(L). Thus, the pair (Q(L), ηα) is a contact manifold for α = 2, 3.
Moreover, since
(ϑ+ ϑ) ∧ (dϑ+ dϑ)2n+1 = C0(zizi)n(zidzi − zidzi) ∧ π∗
(
θi ∧
(
dθi
)n ∧ θi ∧ (dθi)n), (4.24)
cf. [30], it follows that η2 ∧ (dη2)2n+1 = η3 ∧ (dη3)2n+1, which concludes the proof of item (2).
Let (Q, ηα), α = 2, 3, be the contact manifolds describe above. As we have seen, from Theorem 2.6,
we have a Hermitian metric gZ on Z which is associated to the complex almost contact structure induced
by θ ∈ H0(Z,Ω1Z ⊗ E). From this associated Hermitian metric gZ , and considering the almost complex
structure (Φ1, ξ1, η1) on Q induced from the IK-connection, we define
gQ := π
∗
Q(gZ) + η1 ⊗ η1. (4.25)
In order to prove that gQ is compatible with (Φα, ξα, ηα), α = 1, 2, 3, we firstly will show that item (3)
holds.
Claim 2. ηα(X) = gQ(X, ξα), and dηα = gQ(Φα(X), Y ), ∀X,Y ∈ X(Q), α = 2, 3.
Proof. At first, notice that gQ(X, ξα) = gZ(πQ∗X, πQ∗ξα), for α = 2, 3. Now, since (locally)
ξ2 = cos(φi)A
#
i + sin(φi)B
#
i and ξ3 = sin(φi)A
#
i − cos(φi)B#i ,
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using the fact that ui(X) = gZ(Ai, X), vi = ui ◦J , and that (locally)
η2 = cos(φi)π
∗
Q(ui) + sin(φi)π
∗
Q(vi) and η3 = sin(φi)π
∗
Q(ui)− cos(φi)π∗Q(vi), (4.26)
one can easily verify that gQ(X, ξα) = ηα(X), for α = 2, 3. Now, in order to verify that dηα = gQ(Φα ⊗ Id),
for α = 2, 3, we observe that, from Eq. 4.26, it follows that{
dη2 = −dφi ∧ η3 + cos(φi)π∗Q(dui) + sin(φi)π∗Q(dvi),
dη3 = dφi ∧ η2 + sin(φi)π∗Q(dui)− cos(φi)π∗Q(dvi).
(4.27)
From these, since dui = gZ(Gi ⊗ Id) + σi ∧ vi, and dvi = gZ(Hi ⊗ Id)− σi ∧ ui. see Eq. 2.24 and Eq. 2.30,
it follow that {
dη2 = −η1 ∧ η3 + cos(φi)π∗Q
(
gZ(Gi ⊗ Id)
)
+ sin(φi)π
∗
Q
(
gZ(Hi ⊗ Id)
)
,
dη3 = η1 ∧ η2 + sin(φi)π∗Q
(
gZ(Gi ⊗ Id)
)− cos(φi)π∗Q(gZ(Hi ⊗ Id)). (4.28)
Notice that, locally, η1 = π
∗
Q(σi)+dφi, see Eq. 3.7. On the other hand, since η3 = η1◦Φ2, and η2 = −η1◦Φ3,
we have {
gQ(Φ2 ⊗ Id) = (π∗QgZ)(Φ2 ⊗ Id) + η3 ⊗ η1,
gQ(Φ3 ⊗ Id) = (π∗QgZ)(Φ3 ⊗ Id)− η2 ⊗ η1.
(4.29)
Now, from Eq. 3.15, and Eq. 4.4, we can write
Φ2 = Ψ− η1 ⊗ ξ3 + η3 ⊗ ξ1 and Φ3 = Φ1 ◦Ψ+ η1 ⊗ ξ2 − η2 ⊗ ξ1.
Using the above identities, from the local description of Ψ (Lemma 1), and Φ1 ◦Ψ (Eq. 4.17), we obtain
(1) (π∗QgZ)(Φ2 ⊗ Id) = cos(φi)π∗Q
(
gZ(Gi ⊗ Id)
)
+ sin(φi)π
∗
Q
(
gZ(Hi ⊗ Id)
)− η1 ⊗ η3,
(2) (π∗QgZ)(Φ3 ⊗ Id) = sin(φi)π∗Q
(
gZ(Gi ⊗ Id)
)− cos(φi)π∗Q(gZ(Hi ⊗ Id))+ η1 ⊗ η2.
Thus, replacing the above expressions in Eq. 4.29, and comparing with Eq. 4.28, we have that
dη2 = gQ(Φ2 ⊗ Id) and dη3 = gQ(Φ3 ⊗ Id).
Notice that, from the last equations, we also obtain that ξαydηα = 0, α = 2, 3, so ξα is in fact the
characteristic vector field associated to the contact structure ηα, α = 2, 3. It concludes the proof of Claim
2. 
From above, we have that (gQ,Φα, ξα, ηα) defines a contact metric structure on Q, and particularly
an almost contact metric structure, for α = 2, 3. Now, to conclude the proof, it remains to verify the
compatibility of gQ with the almost contact structure (Φ1, ξ1, η1), i.e., we need to show that
gQ(ξ1, X) = η1(X), gQ(Φ1(X),Φ1(Y )) = gQ(X,Y )− η1(X)η1(Y ), (∀X,Y ∈ X(Q)).
Since η1(ξ1) = 1, and Φ1(ξ1) = 0, it is enough to show that the second equation on the right-hand side
above holds. From the definition of gQ, and the definition of (Φ1, ξ1, η1) (see Remark 3.2), we have
gQ(Φ1(X),Φ1(Y )) = gZ(J πQ∗X,J πQ∗X) = gZ(πQ∗X, πQ∗X) = gQ(X,Y )− η1(X)η1(Y ),
∀X,Y ∈ X(Q). Hence, we have that (gQ,Φ1, ξ1, η1) defines an almost contact metric structure on Q.
Further, since dη1 = π
∗
Q(ω), such that ω ∈ Ω1,1(Z) (see Eq. 3.8), η1(ξ1) = 1, and πQ∗ξ1 = 0, we have that
Lξ1gQ = 0. Hence, we obtain the desired almost contact metric 3-structure (gQ,Φα, ξα, ηα), α = 1, 2, 3. 
4.2. Proof of Corollary 1. The following result can be obtained directly from the previous Theorem:
Corollary 4.3. Under the hypotheses of Theorem 4.2, for every s = (a, b, c) ∈ S2, we have an almost
contact metric structure (gQ,Φs, ξs, ηs) on Q, such that
Φs = aΦ1 + bΦ2 + cΦ3, ξs = aξ1 + bξ2 + cξ3, ηs = aη1 + bη2 + cη3. (4.30)
Moreover, by considering νs := gQ(Φs ⊗ Id), we have ηs ∧ (νs)2n+1 = ηs′ ∧ (νs′)2n+1 6= 0, for all s, s′ ∈ S2.
Proof. This result follows from [14, Theorem 4.3]. 
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4.3. Proof of Corollary 2. Another consequence of Theorem 4.2 is the following result:
Corollary 4.4. In the setting of Theorem 4.2, (Z,J , θ) admits a Ka¨hler-Einstein metric with positive
scalar curvature if at least one of the following (equivalent) conditions holds:
(1) Φ1 = ∇ξ1, where ∇ is the Levi-Civita connection of gQ;
(2)
[
Φα,Φα
]
+ 2dηα ⊗ ξα = 0, for α = 2 or α = 3.
In particular, if Z is compact, and (1) or (2) holds, then (Z,J , θ) is the twistor spaces of a positive
quaternionic Ka¨hler manifold.
Proof. By considering (Φ1, ξ1, η1) as in Theorem 4.2, since η1(X) = gQ(X, ξ1), ∀X ∈ X(Q), and Lξ1gQ = 0,
it follows that
2dη1(X,Y ) = X(η1(Y ))− Y (η1(X))− η1([X,Y ]) = gQ(∇Xξ1, Y )− gQ(∇Y ξ1, X) = 2gQ(∇Xξ1, Y ).
Hence, if Φ1 = ∇ξ1, it follows that dη1 = gQ(Φ1⊗Id), which in turn implies that (gQ,Φα, ξα, ηα), α = 1, 2, 3,
is a contact metric 3-structure. From Theorem 3.11, it follows that (gQ,Φα, ξα, ηα), α = 1, 2, 3, is in fact
a 3-Sasaki structure on Q. Notice that, in particular, it follows that (1) ⇒ (2). Applying Theorem
3.13, we have that (gQ,Φ1, ξ1, η1) is, particularly, a regular Sasaki-Einstein structure, so the transverse
Ka¨hler-Einstein structure (D1 := ker(η1),Φ1|D1 , gTQ) pushes down to the Ka¨hler-Einstein structure (J , gZ)
with positive scalar curvature on Z = Q/Fξ1 , see Remark 3.3, Remark 3.2, and Eq. 4.25. Thus, if (1)
holds, we have that (Z,J , θ) admits a Ka¨hler-Einstein metric with positive scalar curvature. Now, if
one supposes that (2) holds, since (Φ1, ξ1, η1) is normal, it follows from Theorem 3.6 that (gQ,Φα, ξα, ηα),
α = 2, 3, are both Sasakian structures. Hence, from Theorem 3.10, we have that (gQ,Φα, ξα, ηα), α = 1, 2, 3,
is in fact a 3-Sasakian structure. Notice that, in particular, it follows that (2) ⇒ (1). As before, we
have that (gQ,Φ1, ξ1, η1) is a regular Sasaki-Einstein structure, so a similar argument shows that (D1 :=
ker(η1),Φ1|D1 , gTQ) pushes down to the Ka¨hler-Einstein structure with positive scalar curvature on Z. Now,
if Z is compact, and satisfies (1) or (2), it follows that Z is a Fano contact Ka¨hler-Einstein manifold. Thus,
from Theorem 2.3, we have that Z is the twistor space of a positive quaterionic Ka¨hler manifold.

4.4. Proof of Corollary 3. In the setting of Fano contact manifolds, we have the following consequence:
Corollary 4.5. Let (Z,J , θ) be a Fano contact manifold of complex dimension 2n + 1 ≥ 3. Then there
exists a U(1)-principal bundle Q over Z which admits an almost contact metric 3-structure (gQ,Φα, ξα, ηα),
α = 1, 2, 3, satisfying the following properties:
(1) (Φ1, ξ1, η1) is a normal almost contact structure, such that Z = Q/Fξ1 , and Lξ1gQ = 0;
(2) (η1, η2, η3) is a triple of contact structures, such that η2 ∧ (dη2)2n+1 = η3 ∧ (dη3)2n+1 6= 0;
(3) (gQ,Φα, ξα, ηα) is a contact metric structure, for α = 2, 3.
Moreover, both Q and (gQ,Φα, ξα, ηα), α = 1, 2, 3, can be constructed in a natural way from Z and θ.
Proof. Supposing that c1(Z) > 0, since E
⊗(n+1) ∼= det(TZ), it follows that c1(E) > 0, so we have ω2pi ∈
c1(E), such that ω ∈ Ω1,1(Z) defines a Ka¨hler structure on Z. Now, since L = E−1, we have − ω2pi ∈ c1(L),
and from the compactness of Z, we can find a Hermitian structure 〈· , ·〉L : L × L → C, such that the
curvature F∇ of its Chern connection ∇ satisfies
√−1
2π
F∇ = − ω
2π
, (4.31)
see for instance [47, Theorem 7.10]. By observing that the Hermitian structure 〈· , ·〉L can be described in
terms of local smooth positive functions qi : Ui → R+, Ui ∈ U , satisfying qj = qi|gij |2, on Ui ∩Uj 6= ∅, such
that L = {gij}, on every Ui ∈ U , we have ∇ = d + ∂ log(qi), and F∇ = −∂∂ log(qi). Therefore, if we take
̟i :=
θi√
qi
, on every Ui ∈ U , and proceed as in Section 2.3, from the Ω-structure {Ωi}, such that
Ωi = ∂̟i − 1
2
∂ log(qi) ∧̟i,
we obtain a complex almost contact metric structure (gZ , ui, vi, Ai, Bi, Gi, Hi) on Z. In this case, the
associated local potentials σi ∈ Ω1(Ui), Ui ∈ U , which define the IK-connection on the sphere bundle Q(L)
are given by
√−1σi = 1
2
(∂ − ∂) log(qi),
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that is, we have a connection 1-form
√−1η1 ∈ Ω1(Q(L); u(1)), such that η1 = π∗Q(σi) + dφi, on Q(L)|Ui ,
for every Ui ∈ U . Now, using the complex almost contact metric structure induced by ̟i = θi√qi , one can
apply the construction provided in the proof of Theorem 4.2 in order to obtain an almost contact metric
3-structure (gQ,Φα, ξα, ηα), α = 1, 2, 3, on Q(L) satisfying (1) and (3). Moreover, η2 and η3 are contact
structures, such that η2 ∧ (dη2)2n+1 = η3 ∧ (dη3)2n+1 6= 0. Hence, in order to conclude the proof, it remains
to show that η1 ∧ (dη1)2n+1 6= 0. From Eq. 3.8, we have
dη1 = π
∗
Q(dσi) = π
∗
Q
(√−1∂∂ log(qi)) = π∗Q(ω).
Thus, since ω2n+1 6= 0, it follows that η1 ∧ (dη1)2n+1 6= 0. 
4.5. Proof of Corollary 4. Finally, from Theorem 4.2, we are able to prove the following result:
Corollary 4.6. Let (Z,J , θ) be a complex contact manifold of complex dimension 2n+1 ≥ 3. Then there
exists a C×-principal bundle U (Z) over Z such that U (Z) admits an almost hyperhermitian structure
(gU , I1, I2, I3), satisfying:
(1) (gU , I1) is a Hermitian structure, i.e., [I1, I1] = 0;
(2) ωα = gU (Iα ⊗ Id), α = 2, 3, are symplectic structures;
(3) Υ = ω2 +
√−1ω3 is a holomprphic symplectic structure on (U (Z), I1).
Furthermore, both U (Z) and (gU , I1, I2, I3) can be constructed in a natural way from (Z,J , θ).
Proof. Consider U (Z) := Tot(L×), such that L−1 = E is the contact line bundle associated to (Z,J , θ).
Fixed a Hermitian structure 〈· , ·〉L : L × L → C, let Q(L) be the underlying sphere bundle of (L, 〈· , ·〉L).
From this, we consider the identification U (Z) ∼= Q(L)×R, such that
u ∈ U (Z) 7→
(
u
||u|| , t(u)
)
∈ Q(L)×R, (4.32)
where ||u|| =√〈u , u〉L, and t(u) = log(||u||), ∀u ∈ U (Z). By using the almost contact metric 3-structure
(gQ,Φα, ξα, ηα), α = 1, 2, 3, provided by Theorem 4.2 on Q = Q(L), we can equip C (Q(L)) = Q(L) × R
with an almost hypercomplex structure (I1, I2, I3), such that
Iα(X) := Φα(X)− ηα(X) d
dt
, Iα
( d
dt
)
:= ξα, (α = 1, 2, 3)
for all X ∈ X(Q(L)). Since (Φ1, ξ1, η1) is a normal almost contact structure (see Eq. 3.4), it follows that
[I1, I1] = 0. Moreover, under the diffeomorphism 4.32, the complex structure I1 can be identified with the
natural complex structure underlying U (Z) = Tot(L×). Now, from the compatible Riemannian metric gQ,
we can define a Riemannian metric gC on U (Z), such that
gC := gQ + dt⊗ dt.
It is straightforward to check that (gC , I1, I2, I3) defines an almost hyperhermitian structure on U (Z). By
setting gU := e
tgC , we have that gU is compatible with Iα, α = 1, 2, 3. In particular, since [I1, I1] = 0, we
have that (gU , I1) defines a Hermitian structure on U (Z), so we obtain item (1). Now, since (gQ,Φα, ξα, ηα)
is a contact metric structure, for α = 2, 3, we have
ωα := gU (Iα ⊗ Id) = etΘα = d(etηα), (α = 2, 3)
where Θα = gC (Iα ⊗ Id), α = 2, 3, see Remark 3.12. Thus, dω2 = dω3 = 0, so we obtain item (2).
In order to prove item (3), firstly, we observe that
η2 =
1
2 (ϑ+ ϑ)|Q(L) and η3 = 12√−1 (ϑ− ϑ)|Q(L),
where ϑ ∈ Ω1
U (Z) is the holomorphic 1-form locally described by ϑ = ziπ
∗θi, on π−1(Ui), see Eq. 2.5.
By keeping the same notation as in Section 2.2, we have et = (
√
hi ◦ π)|zi|, on π−1(Ui). Therefore, by
considering polar coordinates zi = |zi|e
√−1φi , it follows that
ϑ =
et+
√−1φi
√
hi ◦ π
π∗θi = et
(
η2 +
√−1η3
)
, (4.33)
see Eq. 2.10, and Eq. 4.20. Hence, since ωα = d(e
tηα), α = 2, 3, we obtain
Υ = ω2 +
√−1ω3 = dϑ. (4.34)
Now, since ϑ is holomorphic with respect to I1, it follows that Υ is a holomorphic (2, 0)-form on (U (Z), I1).
Further, since θi ∧
(
dθi
)n 6= 0, on Ui, and
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(dϑ)n+1 = (n+ 1)zni dzi ∧ π∗
(
θi ∧ (dθi)n
)
,
on π−1(Ui), it follows that Υn+1 6= 0 on U (Z). Therefore, we have that Υ = ω2 +
√−1ω3 defines a
holomorphic symplectic structure on (U (Z), I1). 
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